7.1 Integration by Parts (page 287)

CHAPTER 7 TECHNIQUES OF INTEGRATION

7.1 Integration by Parts (page 287)

Integration by parts is the reverse of the product rule It changes f 4 dv into uv minus f vdu.Incaseu=z
and dv = ¢?*dz, it changes [ ze?*dz to %erx minus [ 3 1 ¢2Xdx. The definite integral f ze?*dz becomes ze"

minus %

In choosing u and dv, the derivative of u and the integral of dv/dz should be as simple as possible.
Normally In z goes into u and ¢* goes into v. Prime candidates are u = z or z2? and v = sinz or cos x or X,
When u = z? we need two integrations by parts. For f sin~! z dz, the choice dv = dz leads to x sin—1x minus

[xdx/V1-x2.

If U is the unit step function, dU/dz = § is the unit delta functlon The integral from —A to A is U(A) —
U(—A) = 1. The integral of v(z)5(z) equals v(0). The integral f L co8 z 6(z)dz equals 1. In engineering, the
balance of forces —dv/dz = f is multiplied by a displacement u(z) and integrated to give a balance of work.

1—-zcosz+sinz+C 8—ze*-z+C 6 z?sinz + 2zcosz — 2sinz + C
7Ti(2z+1)In(2z+1)+C 9 le*(sinz —cosz) + C 11 ;f%;(asinbz— bcosbz) + C

13 Z(sin(In z) — cos(lnz)) + C 15 z(Inz)? —2zInz+ 22+ C 17 zsin"'z +v1-22+C

19 L(z2 +1)tan" 1z -5+ C 21 z°sinz + 322 cosz — 6zsinz —Bcosz + C

28 ¢*(z% — 322 + 6z — 6) +C  25ztanz+In(cosz)+C 27 -1 29 —3¢72+ 1 31 -2
33 3In10—6 +2tan~13 Sbu=z"v=¢" 87T u=z",v=3sinz $9u=(nz)*,v=2

41 u=zsinz,v=¢*— [¢*sinz dzin 9 and — [ zcosz ¢*dz. Then u = —zcosz,v=¢* — [ ¢*cosz dz
in 10 and — [ zsin z e*dz (move to left side): & (zsinz — zcos z + cos z). Also try u = ze*,v = — cos z.
438 [ lusinu du= 1(sin u — ucosu) = 1(sin z? — z? cos z2); odd 45 3- step function; 3¢*- step function

49 0;z6(z)] — [ 6(z)dz = —1; v(a:)&(z)] — [ v(z)6(z)dz 51 v(z) = f f(z)dz

58 u(z) = L Jf v(z)dz; (2 - 5—);{ forz<i,}(2z-22-3)forz> ;&2 forz<}, A forz> 1
55 u=2%,v=—cosz — —z% cosz — (2z)sinz — [ 2sinz dz 67 Compare 28

59 vl — [ w'v! — w'w]} + [ w'v’ = [uw — v'w|}

81 No mistake: e* coshz — e® sin hz = 1 is part of the constant C

2uv— fvdu=g(3et?) — [et®dz =t (2 - L)+ C
4uv— [vdu=12(}sin3z) — [ Lsin3zdz= §sin3z+ cos3z+C
6 uv—fvdu=(lnz)%,— %‘i—’ = %’lnz—'—:-+0
8 uv — [vdu = 22(1e4*) — [(1e4)2z dz = (Problem 2) e**(%- — 2 + 1) +C
10 [e®cosz dz = ¢®sinz — f ¢*sin z dz. Another integration by parts produces ¢*(sin z + cos z) — f e* cos x dz.
Move the last integral to the left side and divide by 2: answer je*(sinz + cos z) + C.
12 Not by parts. Substitute u = z%,du = 2zdz: [ e du=—}c % = -—%e"’ +C.
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7.2 Trigonometric Integrals (page 293)

14 [ cos(Inz)dz = uv — [ vdu = cos(In z)z + [ zsin(Inz)1dz = again by parts givescos(Inz)z + sin(In z)z
— [ zcos(In z) Ldz. Move the last integral to the left and divide by 2: answer Z(cos(In z) + sin(In z)) + C.

16 uv— fvdu= (ln:r:)”s—s - ' é = (lnx)—- - -—-+C’

18 uv — [v du = cos™!(2z)z +fz;7i3f‘:t_::i.; = zcos™!(2z) — %(1 - 4:‘:2)1/2 +C.

20 [z%sinzdz = z%(— cosz) + [ cos z(2z dz) = again by parts gives —z%cosz + (sinz)2z — [ sinz(2 dz) =
answer: —z2cosz + 2zs8inz + 2cosz + C.

22 uv— [ v du = z%(— cos z) + [(cos z)32%dz = (use Problem 5) = —z° cos z + 3z%sin z + 6z cos  — 6sin z + C.

24 uv— [ v du =sec”! :c(—2—) _f?lzlel_—? = 7sec lz+iVi-z2 +C.

26 uv— [vdu=zcoshz — [coshz dz =z coshz —sinhz + C.

28 fol eVadz = ful=0 e“(2udu) = 2e*(u—1)]§ =2.  80In(z%) =2Inz; [ 2Inz dz = [2(zlnz — z)]§ = 2.

32 f" zsinzdz-—[sinz—zcosz] = 2.

34 f 2% sin z dz = (Problem 20) [—22cos z + 2zsinz + 2cos z|g M= p—2

36 [z"e*?dz = z"e- — B [z" " 1¢%dz. 88 [z"sinzdr=—z"cosz+n [ 12" ! coszdz.

40 [z(lnz)"dz = (Inz)"% — [ Zn(lnz)" 19 = 2 (lng)" — 2 [ z(ln :z:)" 4z,

42 Try u = tan™! z and dv = ze” dz so v = (z — 1)e®. Then fv du= [ &
in closed form; that is true for f %dn:.

44 (a) 2 =1; (b) v(0) (c) 0 (limits do not enclose zero).

46 f_ll §(2z)dz = f‘f:_zé(u)—-— = 2 Apparently §(2z) equals 36(z); both are zero for z # 0.

48 f; §(z — 1)dz = _‘{jza(u)du =1y ”6(:: ~ Y)dz = [17, e+ 36(u)du = e1/2;5(2)8(z ~ 3) = 0.

50f U(z)¥Zdz = (dlrectly) (2 (U(:r:))z)]0 =

i7a L e* dz. I believe this cannot be done

52 ———zgwesv-———+C-——+— ——;-—U(z— 1) gives a change in slope at z = 1 :
v=Cforz<iandv=C-(z-3}) forzZE,takeC=%tomakev(l)zo;
————6(:— )givesv:C’forz<landv=C——1for:c>%;takeC= 1 to make v(1) = 0.

54 ﬁg = 31; over the interval from z = —Az to z = 0. Elsewhere AU = 0. The area under the graph is

(E)Az = 1. As Az — 0 the area is tall and thin. In the limit [ 6(z)dz = 1.

56 (—1)" dz" G V(n-1)dz = (- 1)" *V(n) + (- )+t f d:n+! T Y(n)dz.

58 [ f'(£)dt = [uuly — [ v du = 7'(0)(¢ - D)5 + [ (= — ) f"(e)de = £(0) + [ (= — ) f(E)de.

60 A= [[Inz dz= [z Inz — z]{ = 1 is the area under y=1Inz. B= fol eYdy = e — 1 is the area to the left of
y = Inz. Together the area of the rectangle is 1+ (e — 1) =e.

62 The derivative is C(ae®* cos bz —be®” sin bz)+ D(ae®” sin bz +be®” cos bz). This equals e** cos bz if Ca+Db = 1
and —Cb + Da = 0. These two equations give C = —8—2-3-57 and D = ;2%7. Knowing the correct form

in advance seems easier than integrating.

7.2 Trigonometric Integrals (page 293)

To integrate sin* z cos® z, replace cos?z by 1— sinZx. Then (sin* z — sin® z) cos z dz is (u4 - ue)du. In
terms of u = sin z the integral is gu - %u7. This idea works for sin™ z cos" z if m or n is odd.

If both m and n are even, one method is integration by parts. For [ sin* z dz, split off dv = sinz dz.
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7.2 Trigonometric Integrals (page 293)

Then — fv duis [8 sin2x cos?x. Replacing cos? z by 1 — sin2x creates a new sin* z dz that combines with
the original one. The result is a reduction to [ sin® z dz, which is known to equal %(x — 8in x cos x).

The second method uses the double-angle formula sin® z = %(1 — cos 2x). Then sin* z involves cos? 2x.
Another doubling comes from cos? 2z = %(1 + cos 4x). The integral contains the sine of 4x.

To integrate sin 6zcos 4z, rewrite it as %sin 10z + %—sin 2x. The integral is —,;Gcos 10x —%cos 2x. The
definite integral from 0 to 2x is sero. The product cos pz cos gz is written as %cos(p +g)z+ % cos(p — q)x.
Its integral is also zero, except if p = q when the answer is «.

2 10

zis 1otanlux Similarly [ se; 9 z(sec z tan z dz) = loaec

With u = tan z, the integral of tan® z sec

For the combination tan™ z sec™ z we apply the identity tan®z = 1 + sec® x. After reduction we may need

ftan zdz = —In cos x and [ sec z dz = In(sec x + tan x).

1 f(1—cos?z)sinz dz = —cosz+ 3 cos®z+ C 3 isin’z+C

5 [(1- w?)?u?(—du)=—1cos®z+ 2 cos®z— Fcos’ z+C 7 3(sinz)*2 + C
Q%IsinSszz—l-(—cos2z+ cos® 2z) + C 13 18 1(3z + #ingz) 4 C
15z+C 17 L cos® zsinz + £ [ cos* z dz; use equation (5)

19 f’rlzcos z dz = "._.1 fo”hcos"‘zzdz= = "T_I%:'%; :/2dz

21 I=—sin" 'zcosz+(n—1) fsin" ?zcos? z dz = —sin" ' zcosz + (n — 1) [ sin" "2 z dz — (n — 1)1.
Sonl = —sin""1z cosz +(n— 1)fsin""2:cdz

280,+,0,0,0,— 35 —3cos®z,0 27 —j(§2= +=02%02) 0 294 ('"'233(" +57%),0

81 —1cosz,0 338 [, zsinzdz= [ Asin®zdz—+ A=2 85 Sum = sero = 1 (left + right)
87 pis even 89 p — g is even 41 secz+C 43 li;ansa:+C' 45%secsz+0'
47 Mtan®z —tanz+2+C  49In|sinz|+C 513 +C 53 A=+2,—2sin(z+ )

2cos?z
564v2 571080 59 jyeeziusi4+C 6lpandgare10and 1
3 303 : sindx
2 [cos®zdz = [(1 - sin z)coszdz =sinx — =g +C

4 [cos® zdz = [(1—sin?z)?cosz dz = [(1 — 2sin® z + sin* z) cos z dz = sin x — %sinsx+%sin5x+0
6 [ sin® zcos® z dz = [ sin® z(1 — sin® z) cos z dz = %sin‘x— %sinex+0
8 [sinzcos® z dz = [ /sinz(1 — sin? z) cos z dz = %(sinx)s/2 - 2(ainx)n2 +C
2ax
10 [sin? azcos az dz = smsax + C and [sinazcosaz dz = —-u;—- +C
12 stin‘zdz = fol(l—c;oz::)zdx_ L fo (1—-200822’+ _-%u_::_)dz = [33 - lm2= + smh:]o %
14 [sin® zcos? z dz = [ 1=cgedzltcos 3z 4y — [ l-cos 3zgy — [(1 — m)dz— ———3—+
16 [ sin® zcos? 2z dz = [ 1=6982% cog3 2z dz = [(Ltegedz _ cosd2() _gin? 27))dz =

‘+sinéix gin‘2x+51111322x+0 This is a hard one.

18 Equation (7) gives fo cos™ z dz = [@'—'—‘;]3/ 4ozl fx /2 ¢0s"~2 z dz. The integrated term is zero

because cos § = 0 and sin 0 = 0. The exception is n = 1, when the integral is [sin z]g/ HES T

20 Problem 18 yields f:’z cos" z dz = 21 :/2 cos" 2z dz = 2=12=3 :/2 "~ z dz. For odd n this
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7.2 Trigonometric Integrals (page 293)

continues to —ITI—:—g ~§, times [; /2 o zdz = 1. Writing from low to high this is %% e n{ll.

22 fo cos z dz = 0 because the positive area from 0 to ¥ is balanced by the negative area from 7 to x. This
is true for any odd power n = 1,3,5,.-- (For even powers cos™ z is always positive). The substxtutxon

= x — z and du = —dz gives [ cos” zdz = — J? cos™ (x — u)du = [7(~1)" cos™ u du.
So if n is odd, the integral equals minus the integral and must be zero.

24 (sin z)(sin z) = —1 cos(1+1)z+ 1 cos(1~ 1)z is the double angle formula sinZx = 1= S=cgRex 1-€08 2X. (08 27) (cos z) =
1cos(2+1)z+ 1 cos(2—-1)z = (LSJ:;_c_os_x_ To derive equation (9), subtract cos(s+t) = cos scos t—sin s
sin ¢ from cos(s — t) = cos scos t+sin tsin t. Divide by 2. Then set s = pz and t = gz.

26 [, sin3zsin5z dz = [ —cos8itcosdzg, [-s + Silileg =0

28 [T cos?3zdz= [T l:l'ﬁ’-'ﬂdz'— [+ smﬂx]

30 fo sin zsin 2zsin 3z dz = fo sin 2::(2‘1&2"—“'—2’)&: =2 sanz(Mc—‘”—z—’)dz =
[—9%—23 + ﬂ’-—“gﬂ - ﬂ’—’saz’i]g" = 0. Note: The integral has other forms.

32 ) z cos zdz = [z sin z|f — [ sinz dz = [x sin X + coB X|§ = —2.

34 [} 1sin3z dz = [ (Asinz+ Bsin2z+Csin3z+- - ) sin 3z dz reduces to [—<2432|7 = 0+0+C [ sin® 3z dz.
Then 2 = C(}) and C = 34;

86 The square wave is —1 and 1 periodically. To find A, multiply the series by sin z and integrate from 0 to = :
Jo 1sinz dz = [J(Asinz+--)sinz dz yields 2 = A(]) and A = % To find B, multiply the series by sin 2z
and integrate: [ 1sin2z dz = [ (Asinz+ Bsin 2z+ ---) sin2z dz yields 0 = B [ sin® 2zdz and B = 0.

38 [, cosgz dz = [liiq’i]{,r = '—il‘;ﬂ which is zero if ¢ is any nonzero integer.

40 “Always sero® means for positive integers p # q. Then [ sinpzsingz dz = [ = cos(pt ")’;'““(" —4)2 g =

[— sin(p+q)z + sin(p—q)z]g . 0

2(p+9) 2(p—q)
42 [tan5zdz = [ 2882, = —-5 In|cos 6x| (set u = cos5z to find [ =2¢).

44 First by substituting for tan? z : f tan? zsecz dz = f sec> z dz — [ sec z dz. Use Problem 62
to integrate sec z : final answer %(sec x tan x — ln|sec x + tan x|) + C. Second method from
line 1 of Example 11: [ tan® zsec zdz = sec ztanz — [ sec® z dz. Same final answer.

46 [sectzdz = fsec’:c(1+tan2::)dz—tanx+ tﬂ=’3+0

48 [tan®z dz = [(sec? z — 1) tan® z dz = t28°2 2 — [(sec?z—1)tanz dz =

4 2
L‘-Q‘—*—ta%;—ln]cosxl-i-C

50 OK to write down In|csc x — cot x| or —In|csc x + cot x|. For variety set u = £ —z and integrate — [ sec udu.
52 This should have an asterisk! [ g‘};—%d: =[ L——_cz:#)-dz = [(sec® z — 3sec z + 3 cos z — cos® z)dz = use

Example 11 = Problem 62 for [ sec® z dz and change [ cos® z dz to f (1 - sin® z) cos z dz.

sec x tan x
gec xlan x

3
Final answer - glnlsec x +tan x|+ 2sinx+ Lns_x

54 A =2:2cos(z + ) = 2cos zcos I — 2sin zsin § = cos z — v/3sin z. Therefore f (coT—LSainz_)’ =
I 4coui%z+§i = i.tan (x+ %) +C.
56 Expand cos(z — a) = cos z cos a + sin z sin &, multiply by v'a? + b2, and match with acosz + bsin z.
Then co8 o = a and sin a = b is correct if tana = ¢ (the right triangle has sides a and b).
Ja2.52 Va2 153 a (the right triang )

58 When lengths are scaled by sec z, area is scaled by sec?x. The area from the equator to latitude z is then
proportional to [ sec? z dz = tanz.

60 The graphs of sin® z and cos? z obviously give equal areas between 0 and % and between 7 and 7. The areas
add to fo’r 1ldz = = 80 each area is i—
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7.3 Trigonometric Substitutions (page 299)

62 Example 11 ends with 2 [ sec® z dz = sec ztan z + [ sec z dz. Divide by 2 to find [sec>z dz =
%(sec x tan x + In|sec x + tan x|) + C.

7.3 Trigonometric Substitutions (page 299)

The function /1 — 22 suggests the substitution z = sin §. The square root becomes cos § and dz changes to
cos 6 df. The integral f(1 — 2%)3/2dz becomes [ cos#6 df. The interval 1 < z < 1 changes to §<6<3.

or Va2 — z2 the substitution is z = a sin § with dz = a cos 6 df. For z2 — a? we use z = a sec § with
da: = asec 0 tan §. (Insert: For z2 + a?> use z = a tanf). Then [dz/(1 + z%) becomes [ df, because
1+ tan?d = sec24. The answer is 6 = tan~! z. We already knew that —1—2- is the derivative of tan™! z
1+x

The quadratic z2 + 2bz + ¢ contains a linear term 2bz. To remove it we complete the square. This gives
(z+5)2+C with C = ¢ — b2. The example 22 + 4z +9 becomes (x + 2)2 + 5. Then u = z + 2. In case 22 enters
with a minus sign, —z2 + 4z + 9 becomes —(x — 2)2 + 138. When the quadratic contains 422, start by factoring
out 4.

1z=2sin0;[df=sin"'24+C  8z=2sinb; [dcos?ddf=2sin"' 2 +2/1- 2 +C
5z=sind; [sin’fdf=1sin"'z—Lizv/1-22+C

7 z = tan¥; [ cos? § d0=%tan'lz+%1+—’z;+c

9 z =5sect; [ 5(sec? 0 — 1)d6 = /z2 — 25 —5sec™' £+ C

11 z = secf; [ cosf df = Y=2=1 4 C 13z=tan0;fcos€d0=
15 z = 3sec ¥, f‘;?lzdg 9:m9+0_f

17 z = secf; [sec® 6 df = 2secOtand + 1In(secd + tanb) + C = 2zvz2 — 1+ LIn(z + V22 - 1)+ C

s e

10 z = tand; [ 22840 — _ L 0= =YaTil 4 ¢

2] [=8inldd = _§ 4 C=—cos~!z+C;withC=5%thisissin™'z

28 [tanfsec’0dd _ _j5(cosf) + C = Invz? + 1 + C which is 1In(s? + 1) + C

25 z = asinf; f"/7202 cos?f df = ‘—’:— = area of semicircle 27 sin~ ! 2]} = E-2=3

29 Like Example 6: = = sin with § = I when z = 00,0 = 5 when z =2, f"/z%'n’;%g —1+%
$1z=3tang; [/, 2ectedd _ 70, —x 33 [ gp = [onoldr = 2

35z—sec0,5(ef+e‘f)=;(z+\/-z’—+:+v}z,—_l)=%(x+\/zT:_l+z—m)=z
87 z=coshf; fdf = cosh 'z +C

39::=cosh9;fsinh20d0=%(sinhﬂcosh0—0)+C=%z\/x"’—-———%ln(z+\/27—_1)+0
41 z = tanhf; [ dfd =tanh~'z+C 43 (z—2)2 +4 45 (z—3)2-9 47 (z + 1)

WWu=z-2,[r=1ttan ¥ =2tan (52 +Cu=2z-3,[ 5 =the3 =1mn=t +C;
u=z+1,[H=2==44C
51u=z+b; fm uses u = asecf if b > c,u = atan0 if b < ¢, equals -3 = =5 if b? = ¢
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7.3 Trigonometric Substitutions (page 299)

53 cos f is negative (—V'1 — z2) from I to 3F; then fo _1 +ffl V1 — z2dz = m = area of unit circle
55 Divide y by 4, multiply dz by 4, same fy dz

57 No sin™! z for z > 1; the square root is imaginary. All correct with complex numbers.

= = 2 dz__ _ 0 tan 6df x ,  [x2
2 z =asecf,z? — a? = a%tan 0,]\/12—‘:3— asecOtanddd — In|secd +tanf| = In|¥ 8—2——1|+C

atané
4 sec? 0d9
sec3 0

4z=1tan0,1+92% =sec?d, [ 12y =

=8= %tan‘ISx +C.
f cos 0df = —cotd = —

8 z=sinf, [ s = [ gl _._.__le+c

z 1—z 8in cos

8 z =atand, z? + a = a®sec? 4, f\/z2+a2da:—fa sec3 6df = use Problem 62 above:
(secﬂtan0+ln|sec0+tan0|) ix x2 + a2 +a In|X+ @H_C

= 27sin’ 0(3c0s0df) _ = [27(1~ cos? ) sin6dd = —27 cosf + 9cos® 8§ =

10 z = 38in 4, 9 — z2 =9c0320f 3cos

\/9—::’
—27(1 - ?)1/2 +9(1- ?)3/2 +C
12 Write V28 — 28 = 23v/1 — 22 and set z = sinfd : f\/:z:6 — z8dz = fsin30cos f(cos bdb) =

f sin 8(cos? § — cos* 6)df = -—cof.;J + 99%5-2 = —%(1 _x2)3/2 + %—(1 —x2)5/2 +C

. dz 8do _ _ X
14 z=sind, [ =Sy = [ 257 =tanf +C = \/T+C.
16 z = tan§, [ Vitelds =f“°9°“2949 :IM f(csc+secdtanf)dd = In|cscf—cotf|+secd =

tané tané
Y2 1, V112 1o
18 z = 2tand, 2% + 4 = 4sec? 0,f% =fﬁ:;‘:g2sec20d0=f2ta.n20d€=f2(sec20—l)d0=2ta.n0—20 =
x—2tan‘l’2—‘+C.

20 z = tanf, 1+ 2% = sec? 4, % = [tant 09 sec?2f df = [ tan? sec §df = (use Problem 44 above)

3(secftanf —In|secf + tan6|) = 1(xV1+x - In|V1+x2+x|)+C.

22 z=sec0:fz\/%=f1m—-——-%l&gﬁ—9+0-—sec_lx+c. For z = csc § the integral is [ =cscfcotfdd

—8 + C = —csc~1x + C*. Both answers are right: sec™! z + csc™

1 £ = sum of complementary angles in

Section 4.4 = F so the arbitrary constant C* is C — 7.
24 Set z? = secf and z* — 1 = tan® § and 2z dz = secf tan 6d6. Then [ ——zzf’,——:‘“’_l = fucchianbdd _ § _
3 sec™1(z2).
26 z =sind : f_ll(l — 22)3/2dz = ff’/r% cos® 0(cos 6df) = 2f0"/2 cos? §df = (Problem 19 of Section 7.2)
x $r
2(3)(3)(5) = 8.
28 z = secf : f: \/fi“—_— [ oecfranddd _ Iy |secf + tanf| = [In |z + V22 — 1||{ = In (4 + V/15).
30 f_l 5= i"‘l = [2In(z? + 1)]1; = 0 (odd function integrated from —1 to 1).
32 First use geometry: f11/2 V1 — z2dz = half the area of the unit circle beyond z = % which breaks into

3(120° wedge minus 120° triangle) = 2(3 — 1 -1.2,/1-()?) = &~ 5@
Check by integration: f1/2\/1 — z2dz = [1(zV1 —.'1:2 + sin™ :::)]1/2 (- % 3
34 [ = [seczdz=Insecx + tanx|+C; [ goE_(l=see) = [ dg_ [corzds

cos x
l CO8 X

—cotz 4 i = 2-LOBX S +Cf\/m fﬂcosg_\/—lnlsec§+tan§|+0

14 ——
sec?0ds __ _ [‘—’——2 _ , Erei
f Tsecd ln(sec 6 +tan 0) - 1n(:z:+ z = 8. (b) Check g = z+VzI+1 -

)zz_;@.
6 8

fcsczz d:c——fg—'f =

ml:

36 z = tan 6 gives [ \/T

Vz3I414 _ 12?422\ /x?414224+1-1y _
z:\/z,—: \/z,—_H (c) Thus smh g= 2(69—6 9) = z+\/:c2 - +\/x’+1) =3(% xx:_\/x,_'j ) =x.
(d) Now go directly to [ = = sinh™ 1z by substltutmg z = sinh g to reach [ c—%%%—;—iﬂ =g+ C.
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7.4 Partial Fractions (page 304)

38 z =tanh§: [t = [ sed0dd _ [ cgch gdf — —In |cach 6 + cothf] = —m(Ll-;gz )+C

zv1-23

40 5= cosh §: [ Y& Ldz= [ Mbe ginh §df = [tanh? 6df = f(1—sech?d)df = §—tanh§ =cosh~1x - VX2=1 ¢

osh

42z = sinhﬂ:f@=f%'i% cosh 6dd = [coth? §df = [(1+csch?8)df = §—cothd =sinh~1x — 3@+C’

44 -z +2z+8=—(z—-1)2+9 46 —z2 + 10 : no linear term, square already completed
48 2 +4z-12=(z+2)? - 16

50 [ ot = f ey Set w=3aing: [l =0 =sin"! ¢ =ain~1%5l 4 ¢;

[ = e A 0y f i = [ i = it = dmZed v o
52(ad)u=z—-2(b)u=z+1()u=z-5(d)u=2z-%

54 (a) If z = tan 6 then [V/1+ 23dz = [ sec® ddf. (b) The integral 1[sec § tan § + In(sec 6 + tan 6)] equals
1zVz? + 1+ In|z+ V22 + 1. (c) If z = sinh 0 then [ V1 + z2dz = [ cosh®4dd (d) The integral
1[sinh 6 cosh 8 + 6] equals [zv/1+ 22 + sinh ™" 2.

56 The two curves cover the same area! Proof by calculus: f(: 7?:{7 = (with z = 4u) fol -‘7‘%. Proof
by geometry: The z scale has factor % and the y scale has factor 4, so dA = dzdy is unchanged.

7.4 Partial Fractions (page 304)

The idea of partial fractions is to express P(z)/Q(z) as a sum of simpler terms, each one easy to integrate.
To begin, the degree of P should be less than the degree of Q. Then Q is split into linear factors like z — 5
(possibly repeated) and quadratic factors like z2 + z + 1 (possibly repeated). The quadratic factors have two
complex roots, and do not allow real linear factors.

A factor like z— 5 contributes a fraction A/(x ~ B). Its integral is A In(x — 5). To compute A, cover upx — 5
in the denominator of P/Q. Then set z = 5, and the rest of P/Q becomes A. An equivalent method puts all
fractions over a common denominator (which is Q). Then match the numerators. At the same point (z = 5)
this matching gives A.

A repeated linear factor (z —5)? contributes not only A/(z — 5) but also B/(x — 5)2. A quadratic factor like
z? + z + 1 contributes a fraction (Cx + D)/(z? + z + 1) involving C and D. A repeated quadratic factor or a
triple linear factor would bring in (Ez + F)/(z? + z + 1) or G/(z — 5)°. The conclusion is that any P/Q can
be split into partial fractions, which can always be integrated.

1A=-1,B=1,-lhz+l(z-1)+C Sti;-1 s5i-.2..52
1/6 1/2 1/6
Ti+s  93-5% m-l-4ly s M8, 1A 1A e

16 4.+ B 4 CetD. 41 B=},C=0D=-1

17 Coefficients of y : 0 = —Ab + B; match constants 1 = Ac; A = %,B =f

19 A=1,then B=2and C=1;[ 42 4 [(ptlldz _
In(z—1)+In(z®2 +z+1)=In(z—1)(z2 +z+ 1) =In(z®> - 1)

2 u=en; [ g = [ e [ 4 = In(=5) + C = In(€21) 4 C
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28 u=cosf; [ =94 = -1 [ 2 -2 1"_';‘“=lln(1——u)-lln(l+u) 1lni+§zg+0 We can reach
- _ 0 _
i1l (i zz:f% = In 15228 — In(cscf — cot §) or a different way 1 In (ing:—a)f In pSinf — _]n Least =

~ In(csc 6 + cot 6)

25 u=¢"jdu=cfdz=udz; [ i du=[29 + [% = 2In(1-¢*) +Ine* + C = —2In(1 —¢*) + 2+ C

27 2+ 1 = u?,dz = 2u dy; 21"+‘f"‘=f[2——1+—u]du=2u—21n(1+u)+C=

2vz+1-2In(1++y/z+1)+C

29 Note Q(a) = 0. Then 5@ = 3e)= Q(a) Q,l(a) by definition of derivative. At a double root Q'(a) = 0.

2 (z—l)l(z-{-l = 1+x_{_1 Coverupz—1andset z=1to find A = l Cover up z+ 1 and set z = —1 to find
B=-1 Th 1 _ ;_ z—1 d A{z+1)+B(z—1)
= —2. Then [2 2 =1ln(z-1)-fIn(z+1)=3In pr e o O Metho 1: (z—l)(z+1) = S EoetD

and by matching numerators A+ B =0and A — B =130 again 4 = 5 and B = —%.

2 1 — 1/2 1/2
4 (z— 3)(z 2) © 3 T z-2 ez(z 1)(z+1) _'l+?—L1+z_+L1
8 Sl = et —3—-1- (i rst multiply by (z — 1)? and set z =1 to find the coefficient 4).
z 1 2
10 m —_L z+1 p bl z+2
14 z+1Vz2+4+0z+1 so—z—fi-=a: 1+;j"tI 18 i =-1-%+1L
18 3)(22 3 = A(f::s;ﬁfi;) %) i impossible (no z2 in the numerator on the right side).

Divide first to rewrite m =1+ (T‘s‘)ﬁ‘ﬁ) = (now use partial fractions) 1 + f_% - f_%

20 Integrate —_L+T+Ly to find — ln(l—y)+;ln(1+y)=%ln%{-¥=t+C. Att=0thisisiln1=0+C

8o C = 0. Taking exponentials gives %—t—% =e2% Then 1+ y = e*(1—y) and
y= 7t = &7 = tanh t. This is the S-curve.

22 Set u = /7 so u? = z and 2u du = dz. Then f;‘\édx = [i= iTe2u du = (divide u + 1 into —2u? + 2u)
J(~2u+4-Z5)du= -’ +4u—4ln(u+1)+C = —x+4\/i-4ln(\/_+1) + C.

24 Set u = ¢* 30 du = etdt or dt = %.Thenf(;;%y)T:f(:f/&“), "f(u, 17 = f(szl'*'fu—.;l)"*'u%-l'*'

(——u%)—,-)du Cover up (u — 1)? and set u = 1 to find B = %; cover up (u + 1)2 and set u = —1 to find

D= —— ; match left and right to find A = C = 0. The integral is —-— + = —%u—,l__—l = —%-e—z%_—I.
Check derivative: ETJV—TF(ZC%) = m Quicker integration: f ydu, = —%(u.2 -1)"1= —%Efil—:—l.

26 Set u® = z — 8 so 3u’du = dz. Then [ (o= B?:/Sdz f "(3;‘+¢;u) = (divide first) [(3 — u?is)du =

- (u+2)?:’du_2u+4) = 3u— f(;i-i + u—,‘f—;‘;‘"ﬁ—,‘)du =3u—2In(u+2)+ [ %(‘"71—)1%(111 =3u—2In(u+ 2)+

ln((u -1)%+3)- ta.n"l(“ 1) + C. Finally set u = (z — 8)/3.

4uddu

28 Set u* = z so that 4u3du— d:z: Then fﬁ—+$ fm (divide first) [(du —4+ u,+u)du =
2u? —4u+4ln(u+1)+C =2z - 4Yz+4In(Yz+ 1)+ C.

--by z—1 and let z approach 1 to find A =1 :(_11 = imgiy = %—
7.5 Improper Integrals (page 309)
An improper integral f: y(z)dz has lower limit a = —oo or upper limit b = oo or y becomes infinite in the
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7.5 Improper Integrals (page 309)

interval a < z < b. The example [, dz/z® is improper beca.use b = co. We should study the limit of fl dz/z3
as b — co. In practice we work directly with ——x'2 = — . For p > 1 the improper integral fO x~Pdx is finite.
For p < 1 the improper integral f(} x~Pdx is finite. For y = ¢~ * the integral from 0 to oo is 1.

Suppose 0 < u(z) < v(z) for all z. The convergence of [ v(x) dx implies the convergence of [ u(x)dx.
The divergence of [ u(z)dz implies the divergence of [ v(z)dz. From —co to oo, the integral of 1/(e* + ¢~ %)
converges by comparison with 1/e!. Strictly speaking we split (—oco, 00) into (—co, 0) and (0, c0). Changing
to 1/(e® — e~ =) gives divergence, because € = e X at x = 0. Also [”_dz/sin z diverges by comparison with
J @x/x. The regions left and right of zero don’t cancel because co — co is not zero.

1-: _
1220 =24 8-211-2)?p=2 Btan 'z, =% 7 i(lnz)?i=-
9zlnz—z|§ = —o0 11 In(ln 2)]|$3, = oo 18 1(z +sinzcos z)]3° = o0

15 ’;l 216 diverges for every p! 17 Less than f > :’ = %
19 Less than fo _‘-"-FT + fl -‘Ez;— =tan"!z]} - ]1 =2+2

21 Less than fl e %dz = e, greater than ——-:-

28 Less than fol e2dz +e [ e~ (=E=Vdg =2 ¢ e e~ du=e?+ ﬁ

25 flm‘——’,‘ﬂ+f°° ﬂ"—-‘,"ﬁ less than 1+f°° dz — 2 27 p! = p times (p — 1)!;1 =1 times 0!

29 u=z,dv=ze"dz: —zt o |@ + [P Sodz =17 81 [ 1000c™!td¢ = —10,000¢~-*]° = $10,000

33 W = —G:!m]%o=0%m=_l_mugifuo= 2C}¥2M
©dr _ O —zln2q4,._ . e ™00 _ _1
35f 2t = Jo € dz = 7|8 = 13

37 f(;r/ (sec z — tan z)dz = [In(sec z + tan z) + In(cos z)]"/2 = [In(1 + sin z)]’r/ =2

The areas under sec z and tan z separately are infinite 39 Only p=

2 fl dz = |2 _: J§ diverges at z = 0: infinite area 4 fol ;% = [~ In(1— z)|} diverges at z = 1: infinite area

6/ JEs =lsin"all =5 - (-F) =7
8 f_ sin z dz is not defined beca.use f sin z dz = cosa — cosb does not approach a limit as b — oo
and a — —oo

10 [ ze*dz = [~ze 2P + [T e Tdz =0+1

12 f °°°° z”f‘l' is not defined because the area around z = —1 and z = 1 is infinite.

14 f"lz tan z dz is not defined: it is fl 4% with u = cos z and the area is infinite.

16 fo If,—d%), = (set u=¢e® —1) f°° dy whlch is mﬁmte diverges at u =01if p > 1, diverges at u = 00 if p < 1.
18 fo s < 1 42 — 1 : convergence ! ell‘i’ = oo : divergence

22 fl z7%dzr < fl e %dz = -1- : convergence

24 fol V—-Inzdz < fl/e( In z)d:: + fl/c ldz = [—zlnz + z]é/e + [z]}/. = ¢ + 1: convergence (note zlnz — 0
as z — 0)

26 (L -1 +:)dz the separate integrals would give co — oo which is indeterminate, so combine 1 — -1 =

z 1+=z
—‘L-; 7 1:-:;; . The integral is less than fl ,z— =1 Convergence

28 [° z‘1/2 “dz (set z=u?) = [Cule —u'Qu du = 2[5 e~%"du = /7, so this is (—3)! Then (p+ 1)! =
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7.5 Improper Integrals (page 309)

(p + 1) times p! with p= —3 gives (1)! = /7.

30 B(m,n) = fol z™1(1— z)""'dz is like [ 2™ 'dz near z =0 and [(1— z)"~! near z = 1. These are finite if
m—1>—-1landn—1>—1,orm > 0andn > 0. Then the front inside cover gives B = 1%;—:_’%2—;%’-'

82 To pay s at the end of year n, the present deposit must be -(#'),. = 2. To pay s at the end of every year

(perpetual annuity), the deposit must be £ + 5 +--- = 31—1-%; = £ = %. To receive s = $1000/year

with 1 = 10% you deposit $10,000.

84 Note: GM = 4 --10'* m®/sec?: the lost factor of 10!° would have a large effect on our universe! The escape
velocity is v = \/2GM/R, so that R = 2GM/v? =2 -4 -10'4/9.101¢ = %10‘2 meters = .9 cm.

se f: £& = [1In(1+2%)]8 = 3 In(1 +b?) — }In(1+ a?). As b — oo or as a — —oo (separately!) there
is no limiting value. If a = —b then the answer is gero — but we are not allowed to connect a and b.

38 f:’ ’—g—;fz = (set z = u?) f(;” 1—')—-;-—11:: du [2tan~! ul =2(%) = =; fo°° ze~* cos z dz = (by parts)
[25™ (sin z — cos z) + &5 sin z|$° = 0.

40 The red area in the right figure has an extra unit square (area 1) compared to the red area on the left.
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