2.1 The Derivative of a Function (page 49)

CHAPTER 2 DERIVATIVES

2.1 The Derivative of a Function (page 49)

The derivative is the limit of Af/At as At approaches sero. Here Af equals f(t + A t) — £(t). The step
At can be positive or negative. The derivative is written v or df/dt or f'(t). If f(z) = 2z+ 3 and Az = 4 then
Af =8. If Az=—1then Af = —2. If Az =0 then Af = 0. The slope is not 0/0 but df/dz = 2.

The derivative does not exist where f(t) has a corner and v(t) has a jump. For f(t) = 1/t the derivative

is —1/t3. The slope of y = 4/z is dy/dz = —4/x%. A decreasing function has a negative derivative. The
mdependent variable is ¢ or z and the dependent variable is f or y. The slope of y* (is not) (dy/dz)2. The
slope of (u(z))? is 2u(x) du/dx by the square rule. The slope of (2z + 3)? is 2(2x+8)2 == 8x + 12.

1 (b) and (c) 8 12+ 3h;13 + 3h; 3;3 5 f(z)+1 7 -6 92z+Az+1;2z+1

1P -d=mag— 3% 187,9%comer 1584=1, B=-1 17TFFKTF

19 b = B;m and M;m or undefined 21 Average z2 + 23 — 271

25 1; no limit (one-sided limits 1, 1),1 1ift#0,-1ift=0 27 f'(3); f(4) - f(3)

20 224(4z°) =827  S1 =L ;L. 88 QL=_};f(2) doesn’vexist  $52fFL =4

2(a) 4L = —"’—*A- becomes 2xat h=0 (b) Iﬂs—"h- Lﬂ:i"l_?ébi = 2z + 5h becomes 2x at h =0
(c)iﬁﬂd'—-—)— = 2x always (d)"—“)-’_—’ 224l s o00ash—0

4 %2 +1,2% + 10,22 —100

6 The line and parabola have slopes 1 and 2z. So the touching point must have z = % There y = % for
the line, y = ( 1)2 4 ¢ for the parabola so ¢ =

—f£(3 - 1 -
8 .f!2! !(g! ;:_1_ 1 f(ll)—f(z) 1 2 2 j!zgg) ,!z! ";! 2 — :gg~_4

10 _&5 1+2(=+A=)+3(3+Az)’-1 22327 _ 2+6z+3Az Then — 2+ 6z.
12 Af = griay — ﬁ%’;—‘:{— 'f:Atf:Af' . Now divide by At and set At =0
answer 2:. 0 - _ t3

14 y = 322 ha.sgﬁ=3time32::andthen —:—:’4-=3time32=6.
16 Atz=2wewanty=4and ¥ =B +22=0.S0 A+2B+4=4and B+2(})=0. Then B=-1
andA=2.

18 35— 5= (’; fh' :__"'h" = —72*,. Divide by 2h because the centered difference went from z — h to
z + h (an average over distance 2h). Division by 2k leaves —”- = 5iz;at h=0this is :z =i,

20 The ratios are -L‘—tﬁ_;_tﬂl 374 = 12 (forward dlﬂ'erence) ﬂl_—“’g—f"—) 478 = —24 (backward
difference); i)y ) = 3—3_3 = —18 (centered difference is closest).

22 The graph of f(t) has slope —2 until it reaches ¢ = 2 where f(2) equals —1; after that it has slope zero.
So f' jumps from —2 to O (undefined at the jump).

24 °t is always zero, as At gets smaller. The limit of zero (unchanging number) is zero.

26 If L(—)- has any limit then f(0) must be sero. (In this section functions are assumed to be civilized.) Then
i (0) the limit of f_(g);.L(Q)_ which is £L2) and approaches 7. Example: f(z) = Tx +x2.

28 By the square rule £ (:r;)2 = 2::("") =2z

30 If u = 1 the square rule gives 2 (1)2 = 2(1)4L or 4L = 2 times 4%. This is possible because % is sero and
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2.2 Powers and Polynomials (page 56)

2 times zero is zero.

82 In the figure, f(t + At) is the height of the curve above t + At; the time step At is the distance from ¢
across to t + At; the change Af is the height of one red “bullet” above the other. The secant line between
bullets has slope Z: —L The tangent line at the lower bullet has slope f’(t).

84 For z =0 and Az = 1 the function f(z) = 2% — z has Af = f(1) — £(0) = 0. But the slope f’ at z =0 is —1.
This problem will be worded more carefully in the future.

86 (a) False First draw a curve that stays below y = z but comes upward steeply for negative z. Then create
a formula like y = —x2 — 10. (b) False f(z) could be any constant, for example f (z) = 10. Note what is
true: If & < 1 and f(z) < z at some point then f(z) < z everywhere beyond that point.

38 For f(z) = ;= the graph of f(z + k) = J(z + h) is above it by the vertical distance 1h. Then Af =1
is a horizontal line (down near the axis!) and Ah-t = 1 is also horizontal.

2.2 Powers and Polynomials (page 56)

The derivative of f = z* is f’ = 4x®. That comes from expanding (z+h)* into the five terms x4 + 4x3h + 6x2h%+
4xh3 + h4. Subtracting z* and dividing by h leaves the four terms, 4x® + 6x2h + 4xh?4h3. Thisis Af /h,
and its limit is 4x3.

The derivative of f = z" is f' = nxB~1, Now (z + h)® comes from the binomial theorem The terms to
look for are z"~ A, containing only one h. There are n of those terms, so (z + k)™ = z" +nx n-1p 4 ... After
subtracting x2 and dividing by h, the limit of Af/h is nxP~1, The coefficient of z"~7 h?, not needed here, is
“n choose 5” = n!/j!(n-j)!, where n! means n(n-1) --- (1).

The derivative of z~2 is —2x~3. The derivative of z!/2 is %x—l/ 2, The derivative of 3z + (1/z) is 8 — 1/x2,
which uses the following rules: the derivative of 3f(z) is 8f'(x) and the derivative of f(z)+ g(z) is £'(x) + g'(x).
Integral calculus recovers y from dy/dz. If dy/dz = z* then y(z) = x%/5.

1 6% 30z*; f"" = 720 = 6! 82z+7 51+ 2z + 322 + 42° T nz"~! — ng—n-1
91+z+3z2+ 32  11-1(-1)+5 182723z 43, 1z-4/3

15322 -1=0at z = ﬁ and = 17 8 ft/sec; — 8 ft/sec; 0 19 Decreases for -1 <z < 1
21 A==, L 2315101051 addsto (141)°(z=h=1)

MVETA=B)
25 322 2h is difference of 2’s 27 &L = 2:c+Az+322+3:nAz+(Az)2 — 2z+32% = sum of separate derivatives
29 72%7(z + 1)® 31 5;z* plus a:y cubic 88 z+ 2% + 12° + 1ot 85 Lzt ;128
37FFFT;T 39 L = .12 50 ¥ = 1(.12); six cents 41—!—ﬁﬁ__),dz=_f,
43 E = ;2% 45 t to V2t 47 mzlo, et divide by n+1=0

49 .7913, —3.7913,1.618, —.618;0, 1.266, —2.766

2f(@) = $x7 (orda7+0) 4 f(z) =7 +5(z) =-F - 1.

6 f(z) = z* + 222 + 1 s0 & = 42° + 2(2z) = 4x3 + 4x. Or use the square rule: 4 =222 +1)L(z2+1) =
2(2% + 1)(2z) = 42® + 4z

8 % = L(nz""1) = —(’1‘1_1)!. Note the step r—F—r5 = (n__lj_._m = (njl)!
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2.2 Powers and Polynomials (page 56)

10 f'(z) = %(%11/2) + %(gzsjz) = g1/2 4 z3/2,

12 First difficulty: The number of terms should be a whole number, so z is restricted to integers. Real difficulty:
Increasing z not only increases each of the terms in z + z + - -- + z, it also increases the number of
terms. If z increases by 1, then z+ z + --- + z not only increases by 1+ 1+ - - + 1, but also by another
z (or maybe z + 1).

14 The slope of z+  is 1— % which is sero at z = 1. At that point the graph of z+ 1 levels off. (The function
reaches its mmlmum, which is 2. For any other positive z, the combination z + is larger than 2.)

16 The function f(x) = 1 has a negative derivative but f(z) never becomes nega.tlve (To define f(z) for all z,
take f(z) =2—z up to z=1)

18 The units of f'a.re feet per second; the units of f" are ﬂ:/sec2 The second 16 is 16 ft /sec?.

20 At a point where =0, the tangent to the graph is horizontal. This may be a minimum point or
a maximum point; for y = 23 the origin is a “pause point”.

| — 1 _ 1 _ sfa—y[ath _ . —
22Ify= 7 then Ay = oty % = (multiply top and bottom by /z + vz + k) =
7 h’\;a__:?\;;h)\r " . Cancel z — z in the numerator and divide by A : Abl = —\/ETT\/E_(:/_#TIT)
X+ +VX+ =
Now let h — 0 to find % = ;=5 = —12~3/2 (whlch is nz""1).

24 (z+ h)® = 2% + 52* + 10z® + 1022 +5::+1.So( 1 )=5and( 9 ) =10 and ( g ) =10.

26 If y" = z then y' = ;2 (plus any constant C). Then y = 1(12z°) plus Cz plus any constant D :
y=3x3+ox+ D.
28 The derivative of (u(z))? is 2u(z)3% by the square rule. If u = z" then the derivative of 22" is
2x2(nx2-1) = 2nx21~1 which follows the power rule.
30 If & = y(z) then (a) 4f(x) has slope 4v(z) (b) f(xx)+ x has slope v(z) + 1 (c) f(x+1) has slope v(z + 1)
(d) f(x) + v(x) has slope v(z) + /(z)

S2y= has = -’-‘Lﬁ :—IT and second derivative £ (—T and eventually the nth derivative is 1. Check
n=3.y-—-?’,y ;,y =z,y"=1. Notehowwea.reledto =1.

S84 L =222 then f(z) =-1z71-1z72 38U = 2\/17 is solved by y = z? (provided z > 0).

88 If y = yo + cz then E(z) = d’ = m—' whlch a.pproa.ches 1 as z — oo.

40 (a) High price elasticity mea.ns that the price curve steepens: as you buy more stock and get close to having
a corner on the market. (b) Low price elasticity mans that the curve flattens: switch to unlimited
service for making local phone calls.

42y=z"has E= —15—— n. The revenue zy = z"*! has E=n+1.

44 Marginal propensity to save is ((ill Elasticity is not needed because S and I have the same units. Applied
to the whole economy this is macroeconomics.

46 Relative growth of y and z is %. A child is born with relatively large head size y. Then growth of
the body catches up (n <1).

48 In general =1 — o2 1 b + 2. We can directly venfy M)—"— = (z+h)? + (z+ h)z + =2,
As h — 0 this gives 3X 94 — 322, Similarly & a:b =ad+a%b+ a62 + b3 and directly
(ath)'=s? _ (z+h)3+ (z + h)?z + (z + h)2? + z°.

50 Two graphs touch when the difference y3 =y; —yg = 24+ 23 - Tz +5is zero. At z=1we find y3 =0
(graphs touch) and also y4 = 4z° + 3z% — 7 = 0 (graphs are tangent). The curves don’t cross.

52 The expected payoff can be greater than the cost of buying a ticket for every combination. This happens
when most other players have chosen from a small set of favorite “lucky” numbers. The Massachusetts
lottery does have unequal popularity of different numbers, but not enough to advise buying every
combination. Better to choose the unpopular numbers.
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2.3 The Slope and the Tangent Line (page 63)

2.3 The Slope and the Tangent Line (page 63)

A straight line is determined by 2 points, or one point and the slope. The slope of the tangent line equals
the slope of the curve. The point-slope form of the tangent equation is y — f(a) = f'(a)(x — a).

The tangent line to y = z° + z at z = 1 has slope 4. Its equation is y — 2 = 4(x — 1). It crosses the y axis
at y = -2 and the z axis at x = 1. The normal line at this point (1,2) has slope — 1. Its equation is y — 2 = —
2(x~1). The secant line from (1,2) to (2, 10) has slope 8. Iis equation is y — 2 = 8(x~1).

The point (¢, f(c)) is on the line y — f(a) = m(z — a) provided m = g%—:i—(ﬂ. As ¢ approaches a, the slope
m approaches f'(a). The secant line approaches the tangent line.

1=3¥y-6=3(z-2);y—-6=3(z-2);y-6=-3(z-2) 3y+1=3(z—1);y=3z—4
5y=1z;(3,3) Ty—a=(c+a)(z—a);y—a=2a(z—a) 9y=1222+2,y—T=-1(z-5)
Nny=4Lz=1% 1By—i=—J(z—a)y=2%,z=2a 15 c = 4, tangent at z = 2

17 (-3,19) and (%, 42 19c=4,y=3—z tangentat z=1

21 (1+ h)3;8h + 3h% + h3;3 + 3h + h?%;3 23 Tangents parallel, same normal

25 y = 2az — a2,Q = (0, —a?); distance a? + 1; angle of incidence = angle of reflection
27::=2p;focushasy=%=p 29y—%=z+%;z=——j—§=—\/§
81y-a®=-L(z—a)y=a®+1;0=>L  33(%)(1000)=10at z=10hours 35a=2

37 1.01004512;1 + 10(.001) = 1.01 39 (2+ Az)3 — (8 + 6Az) = 6(Az)? + (Az)3 41z, =3z, =141
438 T = 8sec; f(T) = 96 meters 45 a = § meters/sec?

2 y=22+z has % =2z+1=3 at z =1,y =2. The tangent lineisy — 2= 8(x — 1) or y =3z — 1. The
normal line isy — 2 = —%(x —1) or y = —% + I. The secant line is y — 2 = m(x - 1) with
mo GePas oy

4 y=12%+6z has % =322 + 6 =6 at =0,y = 0. The tangent line is y = 6x. (Note how z* disappears.)
The only crossing where z3 + 6z = 6z is at z = 0.

6z=y?isy=zwith § = 1z71/2=L(1) = 1 at z = 4. The tangent lineisy — 2 = i—(x— 4).

8 (z — 1)(z — 2) is zero at z = 1 and z = 2. If this is the slope (it is z% — 3z + 2) then the function can be
gx® — 5x“ + 2x. We can add any Cz + D to this answer, and the slopes at z =1 and 2 are still equal.

y=1z*—22% has 3 = 42% — 4z. At x = 1 and x = —1 the slopes are zero and the y’s are equal.
The tangent line (horizontal) is the same.
1.1 =
10 The slope from (a, 1/a) to (c,1/c) is === = ;E; = "ELa' So the secant line has equationy — % = —%(x — a).

As ¢ approaches a this becomes y — % = —;12-(x — a), the equation of the tangent line. Note the slope

— 2% for the function y = L.
12 Ifa — b and ¢ — b then HE=L(a) 555r0aches £/(b), the slope at b. Test on y = z2 and y = 1

c—a

14 If g(z) = f(z) + 7, the tangent lines at z = 4 are parallel. But the perpendicular(!) distance between them
is less than 7, unless they are horizontal. (The vertical distance is 7.)

16 The problem requires 5z — 7 = z2 + cz and (slopes) 5 = 2z + ¢, at the same z. Then z = 5;‘. Substitute into

the first equation: 5(23%) — 7 = (55)2 + ¢(85¢). Move all terms to the left side and simplify:
2

& —2=0orc==v/8.
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2.4 The Derivative of the Sine and Cosine (page 70)

18 Tangency requires 4z = cz? and also (slopes) 4 = 2cz at the same z. The second equation gives z = f and
then the first is £ = 4 which has no solution.

20 The parabolas pass through z=1,y=0if 1+ b+ ¢ =0 and d — 1 = 0. They are tangent (same slope)
if2+b=d—2. Thend =1 and b= —38 and ¢ = 2. The parabolas are y = 22 — 3z + 2 and y = 1 — z2.

22 The tangent line at z = 1 has equation y — f(1) = f(1)(z — 1). For the secant line change f'(1) to L@:{E.
For f(z) = 22 + bz + ¢ (a parabola) we require f'(1) =2+ b to equal (°+3H'°) (H'H'c) =4+b
(Impossible!). So try a cubic like f(z) = z + bz2. Then f(1) =3+ 2b equals ‘2—7"'—99-:(&)- =13+ 4b
if b = —5, which gives one possible answer f(z) = z° — 522.

24 Fory=22+1at 2=a and y = £ — z? at £ = ¢ we require equal slopes 2a = 1 — 2¢c.
The normal line y — (a? + 1) = 32 (z — a) must go through the closest point y=c—c? at z =c.
(Compare Problem 23.) Then (c—c?)— (a2 +1)= i%(c — a). (Final solution not required:
c—c? - (1 -¢)?—1=:=L(c - } +c) yields a cubic equation for c. Calculus will minimise (distance)?
which involves z%. Then denva.tlve = 0 gives the same cubic.)

26 If a vertical ray is reflected horisontally, the tangent must go down at a 45° angle (slope —1). For y = 2 at
Z = a this means %— ﬂ"!=—1 and a = v/2 in the figure.

28 (a) If y = 2z is the tangent line at (1,2), theny — 2 = -%(x— 1) is the normal line. (b) As ¢ approaches
a, the secant slope ﬂﬁl{ﬁ-‘-‘-’l approaches f'(a). (c) The line through (2,3) with slope 4 is y — 3 = 4(z — 2).

30 The tangent line is y— f(a) = f'(a)(z—a). This goes through y = g(b) at z = b if g(b) — f(a) = f'(a)(b — a).
The slopes are the same if g’(b) = f(a).

82 When the circle touches the para.bola. y= -1 at z = g, the normal line has equation y — 9— -1(z-a).
That line touches z =0 when y = $- + 1. The distance to (a,a?) equals the radius 1 when
(a)® + (“ +1—a?)? = 12. This gives a = 0. The circle rests at the bottom of this flatter parabola.

34 The secant linu all have [slope| < 1 8o their limit the tangent line has || < 1. In other words
| L (a)] = lime—q |Hel=tla)| < g,

c—a

86 If ;151 = 7 then u(z) = 7v(z) and v/(z) = 7V/(z) and ‘—,7{52} 7. But (%3—)’ £(1)=
38 Thetangentlmeto y=latz=1isy—1=-1(z—1). At =1+ Az this gives y = l—Az The curve is

—Az Ax)2
at height y = 134<. The difference is 71z — (1 - Az) = 1-(1 ﬁg&um:) (1:2"
40 The distance between curve and tangent line is of order (AJl:)2 The tangent line ignores the second
derivative.

44 With acceleration changed from 3 to 2m/sec?, Example 4 has equal speeds when 2(T—4) =V or T = 1V +4.
The distance VT must equal 72+ 3(2)(T — 4)® when the cars meet. Then 72 + V2 =V(1V +4)
gives 0 = }Vz +4V — 72 and V = —8 + /853. Check: V is less than 12 because the other car is slower.
46 To just pass the baton, the runners reach the same point at the same time (vt = —8 + 6t — %t’) and with the
same speed (v =6—t). Then (6 —¢t)t = —8 + 6t — 3t and 3¢ —8=0. Thent =d and v=12.

2.4 The Derivative of the Sine and Cosine (page 70)

The derivative of y = sinz is y' = cosx. The second derivative (the derivative of the derivative) is
y = —sin x. The fourth derivative is y = sin x. Thus y = sin z satisfies the differential equations y" = -y

and y =1y. So does y = cos z, whose second derivative is —cos x.

All these derivatives come from one basic limit: (sin h)/h approaches 1. The sine of .01 radians is very close
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2.4 The Derivative of the Sine and Cosine (page 70)

to .01. So is the tangent of 01 The cosine of .01 is not .99, because 1 — cos h is much smaller than h. The
ratio (1 — cos h)/h? approa.ches 3. Therefore cos h is close to 1— —h2 and cos.01 =5 .99995. We can replace h
by z.

The differential equation y' = —y leads to oscillation. When y is positive, y is negative. Therefore y'
is decreasing. Eventually y goes below zero and y" becomes positive. Then y' is increasing. Examples of
oscillation in real life are springs and heartbeats.

1 (a) and (b) 30;1;5; % 5 sin(z + 2x); (sin h)/h — 1;2x T cos? 0 m 1— 62 + 164; 16* is small
9 sin 36 ~ 10 11 2;4 18 PS =sinh; area OPR = }sinh < curved area ;h
15cosz=1—§;+;_—§:;j—--- 17 3 (cos(z + h) — cos(z — h)) = (—sinzsinh)—»—sinz

19y =cosz—sinz=0atz=5 +nn 21 (ta.nh)/h.—smh/hcosh <Z2:
23 Slope%cos%z:%,o,—%,%; no 26 y=2cosz+sinz;y" = —y 27y———cos3z,y—3sm3x
29 In degrees (sin h)/h — 27/360 = .01745 81 2sinzcosz + 2cos z(—sinz) =

—1

sin 2h 2 h sin2h
4 tanh=10lhat h=0and h = +.17; tanh = h at h =0.

8 .995004 versus .995; .8776 versus .875; .866 versus .863; .9986295 versus .9986292.
10 (a 1-— cosh 1—cos? h sinh)2 1 (b) 1—cos?h cos’h (lmh)z_’l (c) 1-cos’h _. 1

— (1 ¥cos h)h3 = 1+coah( sinf h
(d) l—c;:th — 21-coa2h — 2(0)

12 (1) 2(0) = b = o1 0 - e gy

14 The slopes of cosz and 1 — 3z? are —sinz and —x (close for sma.ll z). The slopes of sinz and x — %xs

(close for small z) are cos z and 1- 122
16 sin(z+h)—sm(= h) _ (sinzcosh+tcoszsin h) (lm zcosh—coszsinh) _ 2 co8X sinh

2 (s) gy — 1 (6) (S2)% = 17 = 1. (o) infy = {unt gy — () St = i .

18 (a) y-—-smO (cos0)(z—0)ory =x (ta.ngent is 45° line) (b) y — sinx = (cos x)(z — 1r) ory=-x+m
(c) y—sin% = (cos )(z - ) ory — Y2 = Y2(x — %),

20 (a) sin(z + 1) = sin z cos 1 + cos z sin 1. The derivative is cos zcos 1 — sin zsin 1 which is cos(x + 1).
(b) A‘: — sin(z+1+Az)—sin(z+1) _ sm(x+A=) —sin X —cos X = cos(x + 1)

) A ) Az Az
22 sm2(z+h)—am2z — sin 2z(cos 2h— '1‘)+coa2::nn2h Then cogih—] — 0 and mzh 2!mgh — 2. So the limit
is —1 = 0 + 2 cos 2x.

24 The maximum of y =sinz + \/3_cosz is at x = & (or 30°) where y = 2 + \/_34 = 2. The slope at
that point is cos z — v/3sinz = 325 -‘25 0. Note that y is the same as 2 cos z shifted to the right by .
26 (a) False (use the square rule) (b) True (because cos(—z) = cos z) (c) False for y = z2 (happens to be
true for y = sin z) (d) True (y" = slope of y' = positive when y' increases)
28 y = sin 5z has y" = —25sin 5z so y satisfies the equation y” = —25y. (In general y = sin kz satisfies
yn = — k2 y.)
30 z—;’-(r) = limit of ﬂ%’-}:ﬂﬂ. For y = sinz and Az = .01 the ratio is 'i—n(%'oll = =in.0l . _ 99998,
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2.5 The Product and Quotient and Power Rules (page 77)

82 Oacillation: Volume of air in the lungs (not simple harmonic).

2.5 The Product and Quotient and Power Rules (page 77)

The derivatives of sin z cos z and 1/ cos z and sin z/ cos z and tan® z come from the product rule, reciprocal

2y — gin2x.

rule, quotient rule, and power rule. The product of sin z times cos z has (uv)' = uv/ + u'v = cos
The derivative of 1/v is —v' /vz, so the slope of sec x is si.n x/cos3x. The derivative of u/v is (vu' — uv’)/v2
so the slope of tanz is (cos®x + sin?x)/cos?x = sec2x. The derivative of tan®z is 8 tanZx sec®x. The
slope of z* is nx®~1 and the slope of (u(z))" is nu?~1ldu/dx. With n = —1 the derivative of (cosz)~! is

—1(cos x)~2(—sin x), which agrees with the rule for sec z.

Even simpler is the rule of linearity, which applies to au(z) + bv(z). The derivative is au’(x) + bv’(x).
The slope of 3sinz + 4cos z is 8 cos x — 4 sin x. The derivative of (3sinz + 4 cos z)? is 2(8 sin x + 4 cos x)

(8 cos x — 4 sin x). The derivative of sin#x is 4sin® z cos z.

122 Sy -y S(E-26-9)+E-)E-9)+E-1E-2)
7 —z’sinz+ dzcosz+2sinz 9 2z—1- ho 11 2\/Zsinzcosz+ 127 /3sin? 2+ 4(sinz)~/3cos z
18 428 cosz —z*sinz+ cos* z—4zcos’ z sinz 15 1z%cosz 170 19 -——(z 5)~8/3 %(5—:)"5/3(= 0?)

21 3(sin z cos z)?(cos® z — sin? z) + 2cos 2z 28 v'vwz + Yuwz + w'uvz + 2'uvw 25 —csc® T —sec’z
2TV =8tV = gg—IJja—‘M“" '1_';:_" sint 4 — 2(3% ;{- tc:)st-:- §2eL) A'=2(cost —tsint + %—r“_ﬁ"’ sind)
5 . 6
29 10t for t < 10, 72 fort > 10 31 ﬁg—;ﬁ};—ﬂ—(ﬂ!{g—‘
83 u"v + 2u'v' + uv’; u"'v + 3u'v' + 3u'v" + V" 85 Lsin?¢; Ltan?¢; 2((1+¢)%/2 - 1)
SOT;F;F; T; F 41 degree 2n — 1/ degree 2n 48 v(t)-cost—tsmt(ts z ,v(t)———-(tZ 2)
45 y = 2"' + 215 3"’ has $¥ =0 at z =0 (no crash) and at z = —L (no dive). Then ¥ = 6‘;"‘([‘, + £) and
# V’h(zz + 1)

él= v 2 _ = 4x3 -2x —(-co8X
(z2 + 1)(22) + (2 — 1)(22) v B (_1(—5ka
6 (z—-1)22(z—-2)+(z—-2)%2(z - 1) =2(z— 1)(z - 2)(z — 1+ z — 2) = 2(x — 1)(x — 2)(2x — 8).
8 z'/3(1 + cos z) +(z+sinz)3z ~1/2 or 221/2+zl/2cosz+ 1z-1/2ging

(£2-1)25—(s’+1)2s | cos=z(coss)—sinz(—sinz) _ _ _dx —-2—1
10 (z7-1) + 2 :col’s - (xi_l)i + coséx’

12 z°/3(35in’ zcos z) + 32/35in’ z + (sin z)/2 cos z

14f(f+1)1:'1/2+\/—(\/_+2)lz‘1/2+(\/_+1)(f+2)1 ~1/2 = (32 + 64/ +2)1z71/2 (or other form).
16 10(z — 6)° + 10sin° z cos .

2. 2. _ _1 _ cos’z __ sin’z __ . o .
18 csc®z — cot’z = 5 e = nniy = 180 the derivative is zero.

20 (sin +cos £){cos z+sin :f—(si::z—cm z)(cosz—sinz) __ 2sin? a3z 2
(sin z+cos z)? - zﬂ:‘%ﬁ - (8in x+cos x)2

22 z'::zg:g has derivative sin z(—zlmz+:lt::’=2—zco-z(c01z) :gd.;;ii_:,!:ﬂ!i (01' other form).

24 [u(2)]*(20(2) £2) + [v(2)]*(2u(=) £2)

26 zcos z + 8in z — 8in z = X cos x (we now have a function with derivative z cos z).

28 The three slabs have volume uvAw and ywAv and vwAu. . v o P
- — 3/3)3,1/3

80 (a) Volume = xr?h = TIT?’—’%W has rate of change (** e ’;‘133:)‘()”:): Lee)liee )3

8/3 s /2 ‘ . L.
(b) Surface area = 2xrh + 2772 = Il'i-_‘z:r’%ﬂm + ﬁ;‘-ﬁy; 2"‘1 e Ant 3 f;" has derivative
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2.6 Limits (page 84)

(1+¢3/2)2 (1+¢) (5xt>/2 4 16xt> +6mt?) — (3mt>/ T 4 dmt' 42t ){(1+t‘/’)’+(1+t)2(1+t'/’)it‘/’]
(1+e3/7) (1 42)3
This is a workout that you might or might not assign.

82 The derivative of u(z)u’(z) is u(z) (2u(z) &%) + w?(z) %L = 8u2(x) . This is the power rule for u3(z).
34 (a) y = 1z* (b) y=—1272 (c) y = —2(1 — 2)*/? (This one is more dlﬂicult ) (@) y=-%cos®z
36 !;- has derivative 2(3"“‘ —u’(zug) -—t = g;: Then — % has derivative

=" 4o'(Fue") _ oY Z("_').’__

v v3 v

88u=x—1and v =xhave ¢ =42 =1 but £ (=1 —(-,—1’_ 2-1) = L This is positive so £ is increasing.
dz z v g
d . . uhareg!mlhn ) _ :ln.lhu du __ doll h.
40 3 (uv) has dimension imaazeL, So does u— shares haie- and pGp = <3 Aresiares,

42 Generally (%’:“)2 is completely different from ¥ 43 - For y = 5z + 3 they are (5)2 and zero.

2.6 Limits (page 84)

The limit of a, = (sinn)/n is zero. The limit of e, = n*/2" is gero. The limit of a, = (—1)" is not
defined. The meaning of a, — 0 is: Only finitely many of the numbers |a,| can be greater than ¢ (an
arbitrary positive number). The meaning of a, — L is: For every ¢ there is an N such that [an — L| <
if n > N. The sequence 1,1 + %, 1+ % + %, .-+ is not convergent because eventually those sums go past any
number L.

The limit of f(z) = sinz as z — a is sin a. The limit of f(z) = z/|z| as z — —2 is —1, but the limit as
z — 0 does not exist. This function only has one-sided limits. The meaning of lim._., f(z) = L is: For every
€ there is a § such that |f(z) — L| < € whenever 0 < |x — a| < §.

Two rules for limits, when a,, — L and b, — M, are a, + b, — L + M and a,b, — LM. The corresponding
rules for functions, when f(z) — L and g(z) — M as z — a, are f(x) + g(x) — L + M and f(x)g(x) = LM. In
all limits, |a, — L| or |f(z) — L| must eventually go below and stay below any positive number e.

A = B means that A is a sufficient condition for B. Then B is true if A is true. A & B means that Aisa
necessary and sufficient condition for B. Then B is true if and only if A is true.

1 %,L =0, after N =10; 23,00, no N; §,0, after 5; 1.1111, %2, all n;v/2, 1, after 38; /20 — 4,1, all n;
25,6 =2.718- -, after N = 12. 8 (c) and (d)

5 Outside any interval around zero there are only a finite number of a’s 7 % 9 ﬂ'—"%ﬂﬂ 111
131 15 sin 1 17 No limit 19 1 21 Zero if f(z) is continuous at a 28 2

25 .001, .0001, .005, .1 27 |f(z) — L|; T‘;_’; 29 0; X = 100 88 4;00;7;7 85 3; no limit; 0; 1
87 11 if |r| < 1; no limit if |r} > 1 39 .0001; after N = 7 (or 87?) 41
48 9;8%;a, —8=1(apn-1—8) >0

45a,—L<b,—L<cn—Lso|bp—L|<eif|an—L|<eand |c,— L| <c¢

2 (a) is false when L=0:an = -l-—vOandbn 7 — 0 but §* = n — oo (b) It is true that: If a, — L then
a2 — L2, 1t is false that: If a2 — L? then a,, — L a, could approach -Lora,=L,~L,L,-L,-
has no limit. (¢) an = —2 is negative but the limit L = 0 is not negative (d) 1, 2 HLi L
has infinitely many a,, in every strip around zero but a,, does not approach zero.

30



2.7 Continuous Functions (page 89)

4 (a) [an — 1]+[—an = —1] (b) [an — O]=>[an — apn_1 — 0] (¢) [0 < n]<=[an =n]

(d) [an — O]=>[sina, — 0] (e) [a, — O]=>[;}- fails to converge] (f) neither implication.
6 Given any € > 0, there are §; and §; such that |f(z) — L| <€ if 0 < |z — a] < §; and |g(z) — M| < € if

0 < |z —a| < &;. Take § = smaller of 6, and §; and add :|f(z) + g(z) - L~ M| <e+eif 0< |z—a| < é.
8 No limit 10 Limits equals f'(1) if the derivative exists. =~ 12 2zjans _ 3z _, 9 _

sinz cosz

14 |a:| = —z when z is negative; the limit of =2 is 1. 16 [L‘;‘l:ﬂ.!). — £'(a) if the derivative exists.
18 =‘a;gs"""*'5aPPl’Oadles10&83—-'5 20 %—;—— apProaches §= —\§=— % as z — 2

- - + —ain?
22 secz—tanz = lco'lh;z = c:::z(l+::2:) = co-siill:si:z; = 1+llns which appmuhea 3=0atz= %'

24 %‘:—Ill(ﬁ approaches 1- 3 = % as z — 1 26 Statement (2) is the definition of a limit.

28 Given any € > 0 there is an X such that |f(z)] < eif z < X.

30 |f(z) — 2| < € means |2& — 2| < .01 or |2272=22| < 01 or 2 < .01|1 + z]. This is true for z > 199.

82 The limit is e = 2.718 ---

34 (aand b) & :0'1200’ — 0 (no limit) (c and d) 822449002 _, § a5 z — o0 or z — —oo.

86 The range of z is 0 < |z — a| < 6. If § is reduced the range becomes smaller. So it remains true that
|f(z) — L] < € for all allowed z.

88 There is an N such that |a, — L] < € for n > N. Also |am — L| < € for m > N (and thus |L — a,| < €).
Now add: |[(an — L) + (L —am)| < e+ € or |an — ap| < 26

40 (a) .493999 --- approaches L = .494. (b) With a simple pattern the professor will find L. With random
choice there is no hope. Maybe try .49301101- - - with 1’s in the 2nd, 3rd, 5th, and all prime number
positions. The limit requires ) (.1)P"™¢ = unknown?

42 The average L has “3” in each decimal position: L = .1411---=1(111...) = 1:—18- Second method: The first
digit could be O or 1 (average 515). After that is another random sequence with average T%L’ since
it is shifted by one decimal. So the average 3 + ;4L is the same as L and 35 + 5L = L yields L = .

44 For every 6 the number € = 2 has the required (and silly) property: |cosz| < 2 if |z| < 5.

2.7 Continuous Functions (page 89)

Continuity requires the limit of f(z) to exist as 2 — a and to agree with f(a). The reason that z/|z| is not
continuous at z = 0 is : it jumps from —1 to 1. This function does have one-sided limits. The reason that
1/ cos z is discontinuous at x = x/2 is that it approaches infinity. The reason that cos(1/z) is discontinuous
at z = 0 is infinite oscillation. The function f(z) = ;1'3 has a simple pole at z = 3, where f2 has a double
pole.

The power z" is continuous at all z provided n is positive. It has no derivative at £ = 0 when n is between
0 and 1. f(z) = sin(—z)/z approaches ~1 as z — 0, so this is a continuous function provided we define
f(0) = —1. A “continuous function” must be continuous at all points in its domain. A “continuable function”
can be extended to every point z so that it is continuous.

If f has a derivative at z = a then f is necessarily continuous at z = a. The derivative controls the speed at
which f(z) approaches f(a). On a closed interval [a, }], a continuous f has the extreme value property and the
intermediate value property. It reaches its maximum M and its minimum m, and it takes on every value
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2.7 Continuous Functions (page 89)

in between.

lc=sinl;noc 8 Anyc;c=0 bc=0orl;noc Tc=1;noc 9noc;noc
llc—“,c—al; 18c=-1;c=-1 15c=1¢c=1 Tc=-1;c=-1

19¢=2,1,0,—1,---; same ¢ 21 f(z) =0 except at z =1 28 Vz—1 25 —]2;’[ 27 25

29 One; two; two 81 No; yes; no 88 zf(z), (f(2))?, =, f(2), 2(f(z) — z), f(z) + 2z S5 F;F; F; T
87 Step; f(z) =sin 1 with f(0) =0 39 Yes; no; no; yes (f¢(0) = 1)

41 g(3) = f(1) — £(3) = £(0) — f(3) = —g(0); sero is an intermediate value between g(0) and g(1)

43 f(z) —zis>0atz=0and <Oatz=1

2 ¢ = cos® x = —1. Then the function is (A) continuous and (B) differentiable.
4 ¢ = 0 gives f(z) = 0: both properties (A) and (B)
6 ¢ = —2 gives f(z) = z3 : both properties (A) and (B)
8 ¢ > 0 gives f(z) = z°: For 0 < ¢ < 1 this is not differentiable at z = 0 but is continuous for (z > 0).
For ¢ > 1 this is continuous and differentiable where it is defined (z > O for noninteger c).
10 Need z+c=1at z=c which gives 2c =1or¢ = % Then z + ';f matches 1 at z = % (continuous but
not differentiable).
12 c = 1 gives continuity at z = 0. However sec z is not defined for all z > 0, which spoils (A) and (B).
14 ¢ = 1 gives f(z) = "1 = z + 1 which agrees with 2c = 2 at z = 1 (continuous but not differentiable).

16 At z = ¢ continuity requlres ¢2 = 2¢c. Then ¢ = 0 or 2. At z = ¢ the derivative jumps from 2z to 2.

18 |z + ¢| is continuous, but not differentiable, at z = —¢ (slope jumps from —1 to 1).

20 |22 + ¢?| is continuous and differentiable at z = —c (slope jumps from —1 to 1).

22cosl 24 (?—1'57’ 26 f(z) = |z —1|~1/2

28 (a) Choose ¢ = 1 (or any € less than 4). There is no § such that |3z — 7| < 1 when z is within § of 1.
(b) [3z—3| < } if [z — 1| < L. So take § = 5

30 (a) One-sided llmlts. %l — —-.1,- as z=0" and l—l — 1 as £ — 0%. (b) sin |z| has a two-sided limit at z = 0.
(c) |z® — 1| has a sharp corner at z =1 and 1. It equals 1 — 22 between z = —1 and z = 1.
The slope changes from 2z to —2:: and back to 2z. One-sided limits at z =1 and —1.

82 Use |sin 1| < 1. Then (a) z%sinl - 0asz— 0 (b) 3_23_3_0 —0asz—0.
(c) f'(z) = 2%(cos 2)(— &) + (sm 1)(2z) = —cos L + 2zsin 1 has no limit as z — 0. (Part (c) needs the
chain rule or careful limits. Main point: f'(z) has no limit as z — 0 even though f'(0) = 0)

1 for z20
34 f(z) = -1 for z<0
86 cos z is greater than 2z at z = 0;cos z is less than 2z at £ = 1. The continuous function cos z — 2z changes

is discontinuous but f3(z) = 1.

from positive to negative. By the intermediate value theorem there is a point where cosz — 2z = 0.

88 zsin 1 approaches zero as z — 0 (so it is continuous) because |sin 1| < 1. There is no derivative because
LR)=1(0) _ A giy 1 = sin L has no limit (infinite oscillation).

40 A continuous function is continuous at each point z in its domain (where f(z) is defined). A continuable
function can be defined at all other points z in such a way that it is continuous there too. f(z) =1
is continuous away from z = 0 but not continuable.

42 f(z) = z if z is a fraction, f(z) = O otherwise

44 Suppose L is the limit of f(z) as z — a. To prove continuity we have to show that f(a) =
For any € we can obtain |f(z) — L| < ¢, and this applies at x = a (since that point is not excluded any more).
Since e is arbitrarily small we reach f(a) = L : the function has the right value at z = a.
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