18.02 Problem Set 8 - Solutions of Part B

Problem 1

2m
a) / F.df = / yide+aiydy = / sin? §(—2sin #df)+(2 cos §)? sin f(cos HdB)
C C1 0
2m

2 9
= / (—2sin® 0 + 4 cos® Osin 0)do = [2 cos ) — 3 cos®f —cos*0| =0.
0 0

The ellipse C is parametrized by x(8) = 2cosf, y(f) = sinf for 0 < § < 27.
So dx = —2sin#df and dy = cos0dd.
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b) F .dr =
1
Ca

The integrand y2dz + 22ydy is equal to zero along the axes.
The segment from (a,0) to (0,a) is parametrized as:
x=a—y for 0 <y <a,sothat dr = —dy.
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The line integral along this segment is / yide + 2?ydy =
0

:/ yQ(*dy)Jr(a*y)dey:/ (y° = (2a+ 1)y* + a’y)dy =
0 0
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Problem 2

a) V6 = <%’ Z—Z> = <1 ;Z;C;V 1 +1(§/g;m)2> - <ﬁ ;Ty»

b)/F-Tds:e(B)—e(A)zeg—el.

c
Consider the curve C defined by: x(t) =1, y(t) = -1+t for 0 <t < 2.
For this curve B = (1,—1) and A = (1,1), s0 2 = —xw/4 and 6; = 7 /4.
Hence, the line integral along this C' is —7/2.
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Along C1: T=—yi+zjand F = —yi+2j,s0 F - T =1.
Hence, F.-T ds = / ds = length(Cy) = .

— .
and / F . -Tds=—m.
Cs
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Along Co: T=y2—zjand F = —yi+2),s0 F - T = —1.
Hence, / F Tds=-— ds = —length(Cs) = —m.
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d) F is conservative in Ry and Rs but not in Rj.

It is conservative in R3 because we found a potential in (a).

It is also conservative in Ro: we can define a polar angle function # on Rs in
such a way that —7 < 6(z,y) < 7.

In R; it is not conservative, because we found in (¢) two paths C; and Cs be-

tween (1,0) and (0, 1) such that / F-Tds # F . T ds.
Cl C2

Explanation: The fundamental theorem of calculus for line integrals implies

that, if F is conservative on R (so that there exists a well-defined and differen-
—
tiable potential f in R such that F = V), then for every simple closed curve

C totally contained inside Rs we have / F.di = 0.
C

_

As F is not conservative in Rp, then we can find a simple closed curve C' con-
—

tained in Ry such that / F -dr #0.

N
Thus, the fact that F is conservative in Ry but not in R; just implies that the
curve C’ cannot be totally contained in Rs.

N
(C" cannot be totally contained inside R either, because F is conservative on
R3.)

Problem 3

a) Curlf = (yrn)w - (wrn)y = nyrnflm —nar™! 2 _ nxyr"72 =0

for every n.

_ n—
Ty = NYyIr
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We used that r = v/22 + 92, so 8—; = % and 5‘_; - %
Tn+2
if -2
bgr)={nt2 72
Inr ifn=-2
0 0
We want %g(r) — 2r" and 8_yg(r) — yr,
0 , o, d y
— = — = - d — =g4'(r)Z.
5,91 =g () =4g(r)— an ayg(r) g(r)>
Hence ¢'(r) = r"*1.
Problem 4
0 0
a) If F = y?2 + 22yj is a gradient, then —(xzy) = —(yZ)7
ox oy

but (zy). = 2zy # 2y = (¥°),.

b) We try to find a potential g setting g(xo,y0) = / F.-T ds, where C' is

C
the path that goes (0,0) to (x0,0) along the z-axis and from (x,0) to (20, yo)
parallel to the y-axis.
— A Yo 1
Then / F-Tds :/ ziy dy = —23ye.
c 0 2
2 2 =
However, Vg(z,y) = (zvy*,z°y) # F.
-
If we try to use a different path, the result changes but we never get Vg = F.

c) As we want Vg = f), we start with g.(z,y) = y2.

It gives g(z,y) = 2y* + h(y).

Then g, (z,y) = 2%y gives 2zy + I (y) = 2%y.

There does not exist any h(y) (which does not depends on ) such that
B (y) = 2%y — 2zy.



