These are the solutions to Exam 4 of 18.02, Spring 2006.

Notice that these solutions contain some explanations

in parentheses that were not required.



Problem 1
(20) Find the mass of the solid cylinder 0 < 24y < a?, 0 < 2z < b, with density 6(z, y, z) = z22.
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Problem 2

(15) Express the average value of z!° on the surface of the upper hemisphere 22 4 y2 + 22 = 1,
z > 0, as an integral in spherical coordinates. (Do not evaluate.)
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Problem 3
a) (5) Explain why F' = (y,z + az,y + 1) cannot be a gradient field unless a = 1.
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b) (10) Next,leta = 1. Then F = (y,z + z,y + 1) = V(zy + yz + 2).
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Problem 4
Consider F = i and D the solid quarter of a ball givenby z? + ¢+ 22 < 1,z < 0and z > 0. Let
S = 51 + Sz + S3 denote the surface that encloses D, with S, the flat face in the zy-plane, S the

flat face in the yz-plane, and S3 the curved face.

a) (15) State the divergence theorem, and use it to
find the flux out of the curved face from the

fluxes through the flat faces. -
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b) (10) Find the integrand f(z,y) in the integral formula for the flux you found indirectly in part

(a), that is,
flux of F out of S5 = // f(z,y)dzdy
z2+y2<1, <0

Do not evaluate the integral, and do not calculate the limits of integration.
(The region of integration is the projection (shadow) of S3 in the zy-plane.)
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Problem 5

(25) Consider the surface S which is the portion of the plane 2y + z = 0 in the cylinder
z? 4+ y? < 1. Itsboundary curve C is the ellipse given by z? + y? = 1, z = —2y.
State Stokes’ theorem, and confirm it by direct computation for F = zion S.

[ Frotit=(( (0xF)-oS
< S
Eveleate  LHS | Lwkote RHS
C: x2=0s8 ViE=| v 3 ¥ 4
g=s5m0 ,0¢P<ar W Dy 02 J
R=-281ub Z o 0
S}?O{F’: fz OQX = [;r= 27+k = houaol To S.
T 2o N dedy = N dxaly.
T dS - ox Y J
=J(—25{u9)6'5"*3 d9> = Nk |
(°) © X Hx". ~+=A‘ﬁ a(xal =2_@(xo(.
=zj‘g;faots=35 Crndor |OFF) dS=FN) ey 4
° 0 SW($)=V%~'W w e VJ—PM
whate  xPeyicq
:g.%‘":zn @m ‘H«Lé&%} . 9
K(vxﬁ)aesﬂtj dedy =
S Shadow(S)




Problem 6 — Extra credit (10 points)

(10) Let F = yi + 22j. Suppose that ¢ F - dr = 0 for every curve in the plane aX+ by +cz = d
c
What can be said about a, b, ¢, and d?
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