18.02 Problem Set 9 - Solutions of Part B

Problem 1

— — —
a) If F = xj, then curl F = 1. Hence Area(R) = // 1dA = // curlF dA =
R R

= f F .dif = % z dy, where the third equal sign holds because of Green’s
c c

theorem.
— — —
Similarly, if F = —yi, then curl F = 1 and Area(R) = // 1dA = // curl F dA =
R R

-
:f F~df":}{fydz.
c c

[Actually, one could use any F well-defined and differentiable over R such that
—
curlF = 1]

b) The area is 3ra?.

Call Cy the arc of cycloid and Cy the segment from (0,0) to (27a,0), so that
the boundary of R (when counterclockwise oriented) is —C; + Cs.

[ — C1 means: C7 with reversed orientation.]

Along €4, dz = a(1 — cost)dt. Along Cs, y = 0.

Using (a) we obtain

2
Area(R) = f/ —y dz +/ —ydz = / a(l — cost)a(l — cost)dt =
C1 Co 0

. 27
sin 2¢
= 3ma’.
1 Ta

27
t
:/ a*(1 — 2cost + cos® t)dt = a* [t251nt+§+
0 0

Problem 2

a) For C equal to the circle of radius 2 centered at the origin
(i.e. with equation 22 + y* = 4).

Call R the region of the plane enclosed by C.
—
If we define F = (22y + v — y)i + (32 + 2y?z + €¥)}, then
—
curlF = (3+2y?) — (2? +3y? — 1) =4 — 22 — ¢%.



Using Green’s theorem

f(nyerSfy) dz + (3z + 2y*z + V) dy://(4fx27y2)dA
c R

and the right hand side achieves its maximum value if R is exactly the region

of plane on which 4 — 22 — 32 > 0. This happens if and only if C' has equation
2 2

¥ +y =4

b) The maximum value is 8.

27 2
// —2% —y?) dA = / / . rdrd@—/ d9/ (4r —13)

2n[2r ZL (8 — 4) = 8.

Problem 3

a) Call Ry the region enclosed by Cy. From Problem Set 8 - Exercise 1(a) we

know (by direct computation) that ]{ F - di =0.
C1

Now, curl F = 2zxy — 2y and // (2zy — 2y) dA = 0 because the reflection with
R

respect to the x-axis (z,y) — (x, —y) preserves Ry and dA but switches sign to
the integrand (2zy — 2y).

b) Call Ry the region enclosed by Cy. From Problem Set 8 - Exercise 1(b) we

a*  a®

know (by direct computation) that ?{ F.di=— - L,
o, 12 3

a a—y
On the other hand, // curl F dA = / / (2zy — 2y) dedy =
u Ro> a 0 0
:/ [2%y — 2y), =" dy:/ [(a —y)*y —2(a —y)y] dy =
0 0
a®>—2a 5 2-2a 5 1 ,1°

—/(a2y2ay2+y32ay+2y2)dy—[ y: + v+ -yt =
) D 3 17,
Wt d a0
T2 3 4 12 3"



