18.02 Problem Set 11 - Solutions of Part B

Problem 1

The total flux is 272.

Along the cylinder 22 + y? = 1, we have r = 22 + y? = 1 and f = 27 + yj.
= . x? + y2 1
So F-n= = and dS = rdfdz = dfdz.
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Hence, //F-ndS:/ / d9dz:/ ——dz =
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= [QWarctan(z)} = 27*.
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Problem 2
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a) At the face:
oP1 P> e normal n = —% an F)~f1:O.
(PoP1P3) Th 1 d
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(PoP1P3) The normal i = T andso F - = —V3z <0.



In fact, a vector perpendicular to the face and pointing outwards is ob-

1 ] k
tained as (1,1,0) x (0,1,1) =1 1 0 |=(1,-1,1).
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(PoP2P3) The face is obtained from the face (PoP1P3) by reflecting with respect
1,-1,—-1
to the xy-plane (that is, (x,y,2) — (z,y,—2)). So h = @,-L-1) and

. V3
soF~ﬁ:f\/§x§0.

(P1P2P3) The normal is i = j and F.n= z > 0.

b) The total flux is 0.

The flux through the single faces is:
(PoP1P2) Zero, because F.n= 0.

(PoP1P3) The face in on the plane z — y + z = 0, so ds = (1,—-1,1)dady and
P
F -dS = —zdxdy. Integrating over the shadow on the xy-plane, we obtain
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/ f-dS://—J;dydx:/x(az—l)dm:[ag——x—] =——.
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(PoP2P3) The flux is the same as for the face (PoP1P3), that is 5 because of the
symmetry discussed in (a).

(P1P2P3) The face is parallel to the zz-plane, so dS = dzdz.

=
Moreover, the face and F are invariant under reflection with respect to
the xy-plane. So we can integrate only on the half with z > 0 and the
multiply by 2.
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The flux is 2/ / zdxdz = 2/ de = M = —.

=0.
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Hence the total flux is 5%

c) div F = 0, so the total flux of F outgoing from the tetrahedron is 0.



Problem 3

The solid R is a cone with vertex in (0,0, 10) and base on the zy-plane equal to
the disc of radius 10 centered at the origin.

We must show that /// divF dV = // F . d§, where OR is the boundary
R AR

of R (in our case, the base and the lateral surface of the cone).

102 10 2000
(LHS) divf):2, so/// divF dV =2. Vol(R) = 2l 3 37T-
R

(RHS) The unit normal vector outgoing from the base is —k and F. (—k) =0,
so the flux through the base is 0.

The lateral surface is given by z = f(x,y) = 10 — \/22 + y2, so
dS = (—fa, —fy, 1) dady = <£, g, 1> rdrdf (we switched to polar coordi-
r’r

e
nates) and F -dS = r2drd6.

2 10 3910 9
Hence, the flux is / / r2drdf = 27 {%] — OS)OW.
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Problem 4

o s aas= ff ansens

On the LHS, fVg-n = f—

On the RHS, div (fVyg) = div (fgﬁ + fg,3+ fgjs) =

= (fgI)I + (fgy)y + (fgz)z = faGz + f9za +fygy +fgyy + f29. + fgz2 =
= (facgac +fygy + f292) +f(gmm + Gyy +gzz) =Vf- v9+fv29-

b) If f = 1 and g = u is harmonic, then Vf = 0 and V?g = 0, so
Vf-Vg+ fV3ig=0.

Hence, Green’s first identity gives / %dS =0.
s on

c) //f@dsz/// (Vf-Vg+ fV?g)dV
// dS—/// Vg-Vf+gV3f)dv



Subtracting the second row from the first row we obtain
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d) V*v =0 (that is, v = — is harmonic) outside the origin.

p
In fact 1 z ( J;) 1+3x:v 1+3:E2
n 1act, vy = ——5pPgr = ——x ald VUgy = | —— = —— — = —— —
p? pj ). P ptp P> PP
1 3 1
Similarly, vyy:f—3+i5 and v, = —— + —-, so that
P> p

3 322 + 3y? + 322
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P P
Let’s apply Green’s second identity to u and v, with D equal to the region
a < p <band S equal to the union of the two spheres S, and Sj.

// (u@—v—>ds_/// (uV?v — vV?u) dV.

The RHS is zero, because VZu = V2v = 0, so we get
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Along Sy, v =1/b, so // —v—dS =— // 248 =0 because of (b).
Sb Sb

Similarly, // fv—dS =0.
Sa on

The normal vector on Sp outgoing from the region D is h = p = et yy =k ybj ki ,
ov  Ov 1 1 ! g
SO o— = 0— = —— = —-7 alon .
on  Op p? b2 &b
2 7+ zk
The normal vector on S, outgoing from the region Disn = —p = — vty zk ,
a
0 0 1 1
SO—UZ— U=—=—2a10ng5’
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Therefore, // u dS = // u dS.
b2 S
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e) Let b > 0. We want to show that ypues // w dS = w(0), where Sy is the
Sy

sphere of radius b centered at the origin 0

Using (d), we have e // 47m2 // w dS for every a > 0.

In particular, g // wdS = ill% T2 // w dS = w(




To deduce the Mean Value Theorem for the point P, we must choose D to be
given by the locus of points whose distance from P is between a and b (that is,

the region enclosed by two spheres of radii a and b centered at P) and v(z,y, 2)

1
to be the function given by v(Q) = —-.
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