14.15/6.207 Networks Problem Set #8

Problem 1. Suppose we have a set of 3 sellers labeled a, b, and ¢, and a set of 3 buyers
labeled z, y, and z. Each seller is offering a distinct house for sale, and the valuations

of the buyers for the houses are as follows.

Buyer | Value for a’s house | Value for 0’s house | Value for ¢’s house
x 7 7 7
Y 7 6 3
z 5 4 3

(a) Suppose that a charges a price of 4 for his house, b charges a price of 3 for his
house, and ¢ charges a price of 1. Is this set of prices market-clearing? Give
an explanation for your answer, using the relevant definitions.

Describe what happens if we run the bipartite graph auction procedure to
determine market-clearing prices, by saying what the prices are at the end of
each round of the auction, including what the final market-clearing prices are
when the auction comes to an end. [Note: In some rounds, you may notice
that there are multiple choices for the constricted set of buyers. Under the rules
of the auction, you can choose any such constricted set.|

(b)
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Problem 2. An important model of competition between firms in economics is
Cournot competition, where firms compete by choosing how much output to produce,
and the resulting price is determined by the market. In the simplest example of
Cournot competition, each of 2 firms, ¢ = 1,2, chooses quantity ¢; € [0, 1], and the
resulting market price is 1 — g¢; — go. Thus, if firm 1 produces ¢; and firm 2 produces
2, their payoffs are ¢; (1 — ¢1 — ¢2) and ¢ (1 — ¢1 — ¢2), respectively.

(a) Find a PSNE in this game. Prove that it is the only one.

A closely related model is Stackelberg competition. Under Stackelberg compe-
tition, the firms’ payoffs as a function of ¢; and ¢ are the same as above. The
difference is that now the quantities are set sequentially rather than simultaneously:
first firm 1 chooses g1, and then—after observing ¢;—firm 2 chooses ¢5.

(b) Solve for an equilibrium in which the second firm optimizes conditional on what
the first does, and the first firm takes this into account when moving first. This
is a pure-strategy subgame perfect equilibrium (SPE) in this game. Prove that
it is the only one.

(c¢) Explain intuitively why the predicted outcome is different in (a) and (b). Why
does firm 1 have a “first-mover advantage” in Stackelberg competition?
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Problem 3. Consider a variant of the alternating-offers bargaining model discussed
in Lecture 17 where, instead of the seller and buyer taking turns making offers, in
each period one of the two parties is randomly selected to make the offer in that
period. (That is, if the parties do not reach an agreement in period ¢, in period t + 1
a fair coin is flipped to determine who makes the offer in period ¢ + 1.)

(a) Show that, if the buyer offers pg = ds (%ps + %pg), that the seller is indifferent
between buying and selling. Argue that, if the buyer offers this price and the
seller accepts it, as neither party has a strictly profitable deviation.

(b) Show that, if the seller offers pg, such that 1 — pg = dp (1 — 3ps — %pB), that
the buyer is indifferent. Argue that the buyer accepts it, as neither party has
profitable deviation.

(¢) Compare this answer to the one we derived in lectures for alternating offers
bargaining, where S moves first. Is the advantage from being the first mover
larger or smaller? Intuitively, why?
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Problem 4. Find the predicted payoffs in the networks below using the Corominas-
Bosch model. Buyers are the upper nodes and sellers are the lower nodes. [Note:
The “Corominas-Bosch model” is exactly the model of bargaining in networks we
studied in Lecture 18. Compute the payoffs for the limit where § — 1: that is, all
over-demanded nodes get payoff 1, all under-demanded nodes get payoff 0, and all
perfectly matched nodes get payoff 0.5.]
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